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^ ! Abstract 

^' We define a group of extended non-Abelian gauge transformations for tensor gauge fields. 

^ , On this group one can define generalized field strength tensors, which are transforming 

homogeneously with respect to the extended gauge transformations. The generalized field 

K^ ; strength tensors allow to construct two infinite series of gauge invariant quadratic forms. 

;h ' Each term of these infinite series is separately gauge invariant. The invariant Lagrangian 

is a linear sum of these forms and describes interaction of tensor gauge fields of arbitrarily 
large integer spins 1,2,.... It does not contain higher derivatives of the tensor gauge 
fields, and all interactions take place through three- and four-particle exchanges with 
dimensionless coupling constant. The first term in this sum is the Yang-Mills Lagrangian. 
The invariance with respect to the extended gauge transformations does not fix the 
coefficients - the coupling constants - in front of these forms. There is a freedom to 
vary them without breaking the extended gauge symmetry. We demonstrate that by an 
appropriate tuning of these coupling constants one can achieve an enhancement of the 
extended gauge symmetry. This leads to highly symmetric equations. We present the 
explicit form of the free equations for the rank-2 and rank-3 gauge fields. Their relation 
to the Schwinger free equation for the rank-3 gauge fields is discussed. 
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1 Introduction 

It is well understood, that the concept of local gauge invariance allows to define non- 
Abelian gauge fields [1], to derive their dynamical field equations and to develop a univer- 
sal point of view on matter interactions as resulting from the exchange of gauge quanta 
of different forms. It is appealing to extend the gauge principle so that it will define the 
interaction of matter fields which carry not only non-commutative internal charges, but 
also arbitrary half-integer spins. This extension will induce the interaction of matter fields 
mediated by a charged gauge quanta carrying a spin larger than one [2, 3]. 

In our recent approach the gauge fields are defined as rank-(s + 1) tensors [2, 3, 4, 5, 6] 

Aa 

and are totally symmetric with respect to the indices A1...A5. A priory the tensor fields 
have no symmetries with respect to the first index /i. This is an essential departure 
from the previous considerations, in which the higher-rank tensors were totally symmetric 
[7, 8, 9, 10, 11, 12, 13, 14, 15, 17]. The index s runs from zero to infinity. The first member 
of this family of the tensor gauge bosons is the Yang-Mills vector boson A't. 

The extended non-Abelian gauge transformation of the tensor gauge fields [2, 3] 

is defined by the equation (4) and comprise a closed algebraic structure, because the 
commutator of two transformations can be expressed in the form 

[ 5^, 5;.] A^Xi\2...\s = -W Sc^^lXlX2...Xs 

where the gauge parameters {(} are given by the matrix commutators (6). This allows 
to define generalized field strength tensors (7) [2, 3] 

^ lii/,Xi...Xs 



which are transforming homogeneously (8) with respect to the extended gauge transfor- 
mations (4). 

The field strength tensors G^^,;^^ j^_^ are used to construct two infinite series of gauge 
invariant quadratic forms [2, 3] 

jC, s = 1,2,3... 



and [3, 4, 5] 



2,3,... 



Each term of these infinite series is separately gauge invariant with respect to the gen- 
eralized gauge transformations (4). These forms contain quadratic kinetic terms and 
nonlinear terms describing nonlinear interaction of the Yang-Mills type. In order to make 
all tensor gauge fields dynamical one should add all these forms together. Thus the gauge 
invariant Lagrangian describing dynamical tensor gauge bosons of all ranks has the form 

oo oo 

^ = Y1 9sCs + J29's^'s ' (1) 

s=l s=2 

where Ci = Cym is the Yang-Mills Lagrangian. 

It is important that: i) the Lagrangian does not contain higher derivatives of tensor 
gauge fields ii) all interactions take place through the three- and four-particle exchanges 
with dimensionless coupling constant g Hi) the complete Lagrangian contains all higher- 
rank tensor gauge fields and should not he truncated iv) the invariance with respect to the 
extended gauge transformations does not fix the coupling constants Qs and g^. 

The coupling constants Qs and g^ remain arbitrary because every term of the sum is 
separately gauge invariant and the extended gauge symmetry alone does not fix them. 
This means that there is a freedom to vary these constants without breaking the initial 
gauge symmetry. The important question to which we should address ourselves here is 
the following: Can we achieve the enhancement of the initial gauge symmetry properly 
tuning the coupling constants Qs and g^ ? 

Let us consider a simple example: the sum of two Z2 invariant forms gx'^+g y^ exhibits 
the t/(l) invariance if we choose g = g so that the initial symmetry is elevated to a one 
parameter family of continuous transformations. A less trivial example is a linear sum of 
Poincare invariant forms comprising a SUSY invariant Lagrangian. One can find other 
examples of the same phenomena when a linear sum of invariant forms of the initial group 
G exhibits a symmetry with respect to a larger group Q D G when the coefficients are 
properly tuned. A similar phenomena appears in our system. 

Indeed let us consider a linear sum of two gauge invariant forms in (1) 

92JO.2 + 92^2 

which describes the rank-2 tensor gauge field A'^x- As we have found in [3, 4, 5] one can 
chose the coupling constants (72 and (^2 so that the sum (72/^2 + fl'2'^2 exhibits invariance 
with respect to a bigger gauge group^. This means that in addition to full extended gauge 
group (4), which we had initially, now we have bigger gauge group with double number 
of gauge parameters [3, 4, 5]. The explicit form of the free field equation for the rank-2 

^C2 = 32/52 = 1- 



tensor gauge field is given by equation (30). It was then demonstrated that it describes 
propagation of two polarizations of helicity-two massless charged tensor gauge boson and 
of the hehcity-zero "axion". This result will be recapitulated in the third section. 

Our aim now is to extend this construction to the rank-3 tensor gauge field. We shall 
consider the linear sum 

and shall demonstrate that for an appropriate choice of the coupling constants C3 = 
fi'3/5'3 = 4/3 the system have an enhanced gauge symmetry. The explicit description 
of this symmetry together with the corresponding free field equation (51) for the rank- 
3 tensor gauge field will be given in the forth and fifth sections. Its relation to the 
Schwinger equation for the symmetric rank-3 tensor gauge field is discussed in the last 
seventh section. 

First let us recapitulate the construction of the general Lagrangian £ in (1). 

2 Non-Ahelian Tensor Fields 

The gauge fields are defined as rank-(s + 1) tensors [2, 3] 

^Mi...A.(^)' ^ = 0,1,2,... 

and are totally symmetric with respect to the indices \i...\s- A priory the tensor fields 
have no symmetries with respect to the first index /x. The index a numerates the generators 
L" of the Lie algebra ^ of a compact^ Lie group G. 

One can think of these tensor fields as appearing in the expansion of the extended 
gauge field A^{x) over the unite tangent vector e\ [2, 3]: 

00 

A,{X)=Y. ^^A,...A.(^) ^A,...A.- (2) 

s=0 

The gauge field ^^Ai...As carries indices a, Ai,...,As labehng the generators of extended 
current algebra Q associated with compact Lie group G. It has infinite many generators 
-^Ai...As = L'^'^\i---(^\s and the corresponding algebra is given by the commutator [4] ^ 

[-^Ai...As' -^pi...pj = "^Z" ''-^Ai...A,pi...pfc- (3) 

The extended non-Abelian gauge transformations of the tensor gauge fields are defined 
by the following equations [2, 3]: 

6 a; = {6^% + gf^^'AX, (4) 

m;:, = {s^%+ gf'''''Ai)C+ gr'^ix', 



^The algebra g possesses an orthogonal basis in which the structure constants /"''^ are totally 
antisymmetric. 

■^See also the alternative expansions in [10, 11, 18, 19, 20, 30, 31] and the algebras based on difFeomor- 
phisms group in [32, 33, 35, 34]. 



where ^Ai...As(^) ^^^ totally symmetric gauge parameters. These extended gauge trans- 
formations generate a closed algebraic structure. To see that, one should compute the 
commutator of two extended gauge transformations 5^ and 6^ of parameters rj and C,- The 
commutator of two transformations can be expressed in the form [2, 3] 

[ Sr,, 6/^] Af,x^X2...Xs = -ig 5c^MiA2...A. (5) 

and is again an extended gauge transformation with the gauge parameters {(} which are 
given by the matrix commutators 

(6) 



c = 


- h^] 














Ca, = 


= '^,6i" 


+ [V\i 


,e] 










CiyX = 


= n, 6a] 


+ iVu, 


.6] + 


Vx 


,^ 


+ [ViyX 


,e] 



The generalized field strengths are defined as [2, 3] 

G% = d,Al-d,Al + gr'^AlAl, (7) 

^nu,x = '^fj.A^x — dyA^x + df { A^ A^x + A^x A^ ), 
^fj.u,xp = '^fj.A^xp ~ '^yA^xp + fi*/ \ A^ A^xp + A^x Aj^p + A^^ A^x + A^xp A^, ), 



and transform homogeneously with respect to the extended gauge transformations (4). 
The field strength tensors are antisymmetric in their first two indices and are totally 
symmetric with respect to the rest of the indices. 

The inhomogeneous extended gauge transformation (4) induces the homogeneous 
gauge transformation of the corresponding field strength (7) of the form [2, 3] 

5GI, = gr'K^C (8) 



The field strength tensors are antisymmetric in their first two indices and are totally 
symmetric with respect to the rest of the indices. The symmetry properties of the field 
strength G^^, Xi Xs remain invariant in the course of this transformation. 

These tensor gauge fields and the corresponding field strength tensors allow to con- 
struct two series of gauge invariant quadratic forms. The first series is given by the formula 
[2, 3]: 



1 

4 



^s+l — - G^^Xi...Xs G^^j,Xi...Xs + 



= --j: < G;^M...x. G%,x.,,...xJJ:v''^"'' r^^»..-i^»..) , (9) 

1=0 p's 

where the sum J2p runs over all nonequal permutations of i's, in total (2s — 1)!! terms and 
the numerical coefficients are af = .../• ... . 



The second series of gauge invariant quadratic forms is given by the formula [3, 4, 5]: 
r' — — n°- n°- -i- 



-1 
2s+l 



° i=\ p's 

where the sum ^ runs over all nonequal permutations of i's, with exclusion of the terms 
which contain rj^'^^^i+i , 

In order to make all tensor gauge fields dynamical one should add the corresponding 
kinetic terms. Thus the invariant Lagrangian describing dynamical tensor gauge bosons 
of all ranks has the form 

oo oo 

£ = E gsCs +E ^X' (11) 

s=l s=2 

where £i = Cyu- 

It is important that: i) the Lagrangian does not contain higher derivatives of tensor 
gauge fields ii) all interactions take place through the three- and four-particle exchanges 
with dimensionless coupling constant g iii) the complete Lagrangian contains all higher- 
rank tensor gauge fields and should not be truncated iv) the invariance with respect to 
the extended gauge transformations does not fix the coupling constants Qs and g^. 

The coupling constants Qs and g^ remain arbitrary because every term of the sum is 
separately gauge invariant and the extended gauge symmetry alone does not fix them. 
This means that we have a freedom to chose these constants without breaking the initial 
gauge symmetry. The important question which should be addressed here is the following: 
Can we achieve the enhancement of the gauge symmetry tuning the coupling constants gs 
and g^ ? 

Let us consider a linear sum of two gauge invariant forms in (1) 



92^2 + 92^ 



2 5 

which describes the rank-2 tensor gauge field A";^. As we have found in [3, 4, 5] one can 
choose the coupling constants g2 and (^2 so that the sum (72/^2 + 92^2 exhibits invariance 
with respect to a bigger gauge group (see the next section for details, where we will 
demonstrate that C2 = 5'2/fl'2 = !)• This means that in addition to full extended gauge 
group (4), which we had initially, now we have a bigger gauge group with double number 
of gauge parameters [3, 4, 5]. It was then demonstrated that the corresponding kinetic 
term describes propagation of two polarizations of helicity-two massless charged tensor 
gauge boson and the helicity-zero "axion". 

In summary the gauge invariant Lagrangian for the lower-rank tensor gauge fields has 
the form [3, 4, 5]: 

£ = £1 -F £2 + A = ~ jG1j^uG% (12) 



The equations of motion which follow from this Lagrangian are: 

v^g;^, + l^tK^,xx + Gi,^,x + G\^,ux) + 9r'A;,Gi^^, (13) 

~ ^91 {^fj.xGfiX,u + '^fiX^Xu,fj. + ^xx^^lu,^l + ^^j/G^a.a) 
\ 

+ ^QJ i^fiXX^iiu + ^nfiX^uX + ^t^uX^Xfj.) = 

and for the second-rank tensor gauge field A'^^ 

Vabf^b ^ (-r-jah/^b . jrjab^b , jrjab^b , ^ -r-jabf^b \ 

+ ^/"^^A^,GJ. - Igr'iAl^C;, + A';,^Gl + A^^GJ, + VuxAl^G'J = 0. (14) 

The variation of the action with respect to the third-rank gauge field A'^^ will give the 
equations 

Vx,VfGl^ - liVu.VfCl, + VxuVfG'J + liVfGl, + VfG%) = 0. (15) 

Representing this system of equations in the form 

d,F;iu + Imf::.,xx + K\,x + n,,.x) = ji (le) 



^M-^Mi^,A - 7^i9fJ.FIlx,u + ^M-^Ai/,/. + 9xFl^u,fi + Vuxd^.F'^p^p) - j^x 



1 



where F;, = 9^A« - d^A^, F;,^, = S^A",, - d^A^^, F;,_,^ = S^A",,^ - d^A^^^ , we can 
find the corresponding conserved currents 

j:= - gr'^A'pG^-gr'^dMlK) (17) 

1 1 



1 

2* 

eabcf Ab r~ic i 46 /^c 1 46 



— fi*/" ''^f,xC^liu,X + 96'/" '"(^/^aG^A,!/ + ^^aGa;/,^ + ^AA^^i^,^ + ^fj,uGl,x,x) 



~ ofi'/" '^(^^AA^Jiz/ + ^XfiX^lfi + ^^Ai/Ga^), 



where C,Ap = ^/"'^( ^?. ^^.Ap + A', A^^ + A^ A^, + A^.^ A^ ) and 



Jux = ~ gf ^fiC^fj.u,x + T^gf {^^J.G^lX,u + ^tiGxu,ti + ^xG/iu,fi + VyxA^G^pp) 



1 
2^ 



fl*/ ^/iX^fiu + Tjfi'/ (^/ii/G^A + ^Xf^C^fiu + ^fifi^Xiy + VuxA^pG^p) 



1 
2' 



^/"'^5.(4^'.A + 4a^:) + T^^/'^'l^.l^^A. + 4.^a) + 5.(^A^:, + KAt) 



+ 5a(« + 4,^:) + Vuxd.iA'Ap + 4p^p)]' 



- Vx, gr^'dMlK) + \9r'V,{v.xAlA^^, + r^^.A^A'^^ - SaIA^A^ - d,{AlA'^^]. 

The conservation of the corresponding currents follows from the fact that we have en- 
hancement of the gauge group and therefore the partial derivatives of the l.h.s. of the 
equations (16) are equal to zero 

duji = 0, 

d.r.,p = 0, dxjX = 0, d,jX = 0. (20) 

Our aim now is to extend this analysis to the case of rank-3 tensor gauge field. We 
shall consider the linear sum 

93^3 + g's^'s 
and demonstrate that for an appropriate choice of the coupling constants ratio c^ = 
93/93 = 4/3 the system will have an enhanced symmetry. The explicit form of the 
Lagrangian for the third-rank tensor gauge field A" ;^ can be obtained from our general 
formulas (9), (10) and (11) when we substitute s = 2. The Lagrangian is: 

1111 
/^ _i_ /^ /*' /^^ /^^ /^^^ r^^ f^'^ r^^ r^^ C^^ _i_ 

"^3 ~r Cs-i— 3 A^fiu,Xp^nu,Xp fiu,XX^ fjLV,pp r\ pu,X^ ^v,Xpp q^ ^u^ fiu,XXpp ' 

(^3{-G^yXpG^\^yp + -:G^^^,yxGfj.p,pX + t'-^^j/,z/A^mA,pp + (21) 



4^ fj,i/,X^ fj,X,upp ' C\ 



{iv,X {iX^vpp "•" c) pi/,X pp,i/Xp ' A pi/jU fiX,Xpp ' A fjLV ^iX,vXpp} 1 



where C3 = 9^/93 is a constant^. 

3 Enhanced Symmetry. Rank-2 Gauge Field 

As we have seen above there are two invariant forms for the rank-2 tensor gauge field £2 
and £2 ^"^^ ^he general Lagrangian is a linear combination £2 + C2£2) where C2 = 92/92 is 
a constant coefficient. Let us review how this coefficient has been fixed by the requirement 
of an enhanced symmetry. For that let us consider the situation at the linearized level 
when the gauge coupling constant g is equal to zero. The free part of the £2 Lagrangian 

1 1 

where the quadratic form in the momentum representation has the form 



is obviously invariant with respect to the gauge transformation 5A'^^y^ = (9^^^, but it is not 

invariant with respect to the alternative gauge transformations SA\ = (9a r/" This can 
be seen, for example, from the following relations in momentum representation 

^It is not difficult to present the explicit form of the Lagrangian for any higher-rank tensor field using 
expressions (9), (10) and (11). 



Let us consider now the free part of the second Lagrangian 

where 

1 1 

It is again invariant with respect to the gauge transformation 5A'tx = •9^'Ca) but it is not 
invariant with respect to the gauge transformations 5A'tx = dxi]"^, as one can see from 
analogous relations 

As it is obvious from (22) and (24), the total Lagrangian £2 ^'^ + -^2 now poses new 
enhanced invariance with respect to the larger, eight-parameter, gauge transformations 

SA;, = d,Cx + dxv;, (25) 

where ^" and rj'^ are eight arbitrary functions, because 

Thus our free part of the Lagrangian is 

+ j9fj_Al^d^Al^ — -d^AlydxA"^^ — -d^A^^d^A^j^ + -d^A^^dxA^j^^ 
+ \d,Al,d,Al^ - ^d.Al^dxA;, + ^d,A;,dxA;, (27) 

or, in equivalent form, it is 

+^{'najd^d^ + Tj^^d^d^ + r]addjd^ + r]-/^dad^)} A'i^^ (28) 

and is invariant with respect to the larger gauge transformations 5^^^ — ^m^a + ^xVn^ 
where C,x and ?]" are eight arbitrary functions. In momentum representation the quadratic 
form is 

1 



Free equations of motion which follow from the Lagrangian (28) will take the form 

d\Al^-\Al^)-d,dMlx-\AV - d,d,{Al,-\Al.) + d,dMl,-\K,) 

+ ir^,,(9,9,A^, - 9^A^,) = (30) 

and describe the propagation of massless particles of spin 2 and spin 0. It is also easy 
to see that for the symmetric tensor gauge fields A^^^ = A'^^ our equation reduces to the 
Einstein-Fierz-Pauli-Schwinger-Chang-Singh-Hagen-Fronsdal equation 

d'^A^x - dyd^A^^x - dxd^A^^ + d^dxA^^ + r]^x{d^dpA^i, - d'^A^^) = 0, 

which describes the propagation of massless boson with two physical polarizations, the 
s = ±2 helicity states. For the antisymmetric fields it reduces to the equation 

d'^A^x - d.d^A^x + dxd^A^, = 0, 

and describes the propagation of one physical polarization s = 0, the zero helicity state. 
The above consideration brings the final form of the gauge invariant Lagrangian for 
the lower-rank tensor gauge fields to the form (12). 

4 Rank-3 Tensor Gauge Field 

The Lagrangian £i + g2{C2 + C2) contains the third-rank gauge fields A^j^aj but without 
corresponding kinetic term. In order to make the fields A't^x dynamical we have to add 
the corresponding Lagrangian g^C^ + g^C^ presented in (21), so that at this level the total 
Lagrangian is the sum [3, 4, 5] 

£ = £1 + g2{C2 + 4) + (?3(£3 + C34) + -, 

where C3 = g^/ gz- The Lagrangian £3 has the form (21): 

1111 

A^ li,v,\p ^v^\p Q pu,\\ p,u,pp r\ 

where the field strength tensors (7) are 



''-'3 A^ pu,Xp^ pu,\p Q^ pu,XX^ pi/,pp c)^ pu,X^ pi/,Xpp Q^ p,!/^ pu,XXpp i \^^) 



r<a _ f) Aa _ fi AO. I r,fabcf Ah ac i Ab AC i Ab AC i Ab AC , 

'^pu,Xpa — ^fi^uXpa ^i^^pXpa + 91 i ^p ^uXpa + ^pX ^upa + ^pp ^vXa + ^pa ^vXp + 

^ApXp ^ta + ApXa ^Ip + Appa ^tx + ^pXpa ^l J 

and 

^piy,Xpa5 = '^f^^iyXpaS ~ '^i^^pXpaS + QJ { ^p ^uXpaS + Z^ ^pX ^i/paS + 

X^^p,a,S 

+ Z^ ApXp ^taS + Z^ ApXpa ^ts + ApXpaS ^l }• 

The terms in parentheses are symmetric over Xpa and Xpa6 respectively. The Lagrangian 
£3 is invariant with respect to the extended gauge transformations (4) of the low-rank 
gauge fields A^, A^^, A^^x and of the fourth-rank gauge field (4) 

^C^M^Ap = ^p^Ap - ig[A^, iuxp] - ig[-A^^, ^xp] - ig[-A^x, ^up] - ig[A^p, ^ux] - 
-ig[A^ux, Cp] - ig[A^up, 6] - ^fi-l^pAp, 6] - ^fi'f^p^.Ap, ^] 

10 



and of the fifth-rank tensor gauge field (4) 

u*-*\pcr 

where the gauge parameters ^y\p and ^vXpa are totally symmetric rank-3 and rank-4 ten- 
sors. The extended gauge transformation of the higher-rank tensor gauge fields induces 
the gauge transformation of the fields strengths of the form (8) 

^^ p.v,\pa — 9 J ( ^pu,Xpa S + ^ p.v,Xp ^a + ^ p.u,Xa Sp + ^ p.v,pa SA + (32) 

_i_(^b tc I /^b pc _|_ ^b pc I ^b tc \ 

'^-^ pi/,X ^pcr ' ^^ pi/,p ^A(T ' ^^ fiU,(T ^Ap ' ^^ fiu 'sApcr / 

and 

^G°^^Xpa5 = 91" ""( <-^^i.,Ap<7<5 i" + zl ^pu,Xpa ^S + (33) 

Xp,a^^5 

+ Z^ '-^pzy.Ap So-5 + Z^ ^pu,X^paS ~^^puixpu5)- 

Xp^^a,S X^-^p,a,S 

Using the above homogeneous transformations for the field strengths tensors one can 
demonstrate the invariance of the Lagrangian £3 with respect to the extended gauge 
transformations (see reference [2] for details). 

The second invariant Lagrangian can also be constructed explicitly in terms of the 
above field strength tensors. The following seven Lorentz invariant quadratic forms can 
be constructed by the corresponding field strength tensors [3, 4, 5] 

pv,Xp pX,vpi pv,vX p,p,pXi fiu,i/X fiX,ppi p,v,X pX,vppi 

^-' p.v^X^-' p,p,vXpi ^ pu,v^ p,X,Xpp^ ^ pu^ p,X,uXpp' V"^ / 

Calculating the variation of each of these terms with respect to the gauge transformation 
(8), (32) and (33) one can get convinced that the particular linear combination 

■^3 A pv,Xp pX,vp ~^ A pi/,uX pp,pX ' A iiv,vX plX,pp 

1111 

~r A ^ pu,X^ pX,upp ~r r) pu^X^ pp^uXp ' a ^ fiu,u^ pX,Xpp ~r a ^ pu^ p.X,uXpp' v"^"/ 

forms an invariant Lagrangian (see Appendix A). In summary we have the following 
Lagrangian for the third-rank gauge field A" ;^ 

A^pu,Xp^pu,Xp Q^ p.u,XX^ pv,pp r\ 

A^pu,Xp^pX,up ' A^ pv,uX^ fip,pX ~^ A 
A^ pu,X^ pX,upp ~' r\ pu^X^ pp,uXp ' A^ pu,v^ pX,Xpp ~' A 

where C3 is an arbitrary constant. Our intention is to investigate the dependence of 
symmetries of the system £3 + c^C^ as a function of constant C3. The system is always 
invariant with respect to the initial, extended gauge group of transformations (8), (32) 
and (33) for any value of the constant C3. We wish to know if there exists a special value 
of the constant C3 at which the system will have even higher symmetry, as it happens in 
the case of the rank-2 gauge field. We shall see that this indeed takes place. 

11 



"^3 ~r C3Z^3 A pu,Xp^ pu,Xp q^ pu,XX^ pv,pp r\ pu,X^ pv,Xpp q^ pu^ pu,XXpp ' 

'^3{-^pu,Xp^pX,up + '7^pu,uX^pp,pX + '7^pu,uX^pX,pp + (36) 

' A pi'tX^ pX,i'pp ' r\ pu^X^ pp,uXp ' A^ pu,v^ pX,Xpp ~' A^ pu^ pX,uXppi 1 



5 Enhanced Symmetry. Rank-3 Gauge Field 

The free part of the Lagrangian £3 comes from the terms 



1 „„ „„ 1 

'4 



^ ljbv,\p^ ljbv,\p Q ij.v,\a^ ^u,pp \^ ' J 



and has the form 



_ -f) 4" f) A"- A f) 4" r) 4" f) 4" f) 4" -I ,, ^ ,, ^ 

3 — cy-'ii.-^vXp^V^-^vXp ^ 2^i^-^v\p^v^p\p JJp-^vXX-'p-^vpp ^ A^-'i^^vW'-'v^p.pp 

,2 



^/ree _ ^o Aa a A"- i ^/^ A"" f) A"" — —f) A°- f) A"" -I- —f) 4" <9 4°^ 

1 .. . .o „ „ ..1 1 1 



—A"" I ninn-B — dnd^)(—ri I /ri /> " H — r? / iri « « H — r? / "r? ' ")A" / « 

o «a o V /"7 " 7/Vr) /a 7 /a 7 ' r) la 7 /a 7 ' r) la a 17 7 '77 7 

where the quadratic form in the momentum representation is 



Haa'a"Wy"ik) = -T^^a^iVa' j'Va"'y" + V7" V7' + Va' a"V^' -y"), 



where H^-y = k'^fja-y — k^k-y and by construction is invariant with respect to the gauge 
transformation 

because we have 

knH I II I II (k) = 0. 

'"a-^-^aa a 77 7 V / 

But it is not invariant with respect to the alternative gauge transformations 

~SA%, = d^Qx + 5aC, 

where the gauge parameter C;^ is a totaly symmetric tensor. This can be seen from the 
following relation in momentum representation 

k iH I II I ii(k) = — H„^ (k iTTi II II -\- k iiTi II I -\- k iiri I n) ^ 0. f39) 

a aa a 'y^ ^ V / ^^ Q!7 V 7 la 7 ' 7 la 7 ' a '77 / ' V^'^ I 

Let us consider now the free part of the Lagrangian £3 which comes from the terms 

A^ pv,Xp^ pX,up "' A^ pv,uX^ pp,pX ~^ A^ pv,uX^ pX,ppi 

thus 

r' /^ee _ , o A"- f) A"- <9 4" f). A"- <9 A"' f) A"- A f) A°- <9^ 4" 

'-'Z — + /^pi.^uXp'^I^^Xup S'p^^vXp^^^p.vp S'v^p.Xp^P'^Xvp + S'v^pXp^^^pvp 

1111 

_i_ —r) A°- r) A"- f) A"- f) A°- f) A"- f) A°- -I r) 4" f) A"- 

-r JJp^vvX'^p.^ppX A^p^ui/X^p^ppX /-'u^pvX'^p^ppX ^ A^iy^pi/X^p^ppX 

1111 

_l_ -f) A"- f) A"- f) 4" f). A"- r) A"- r) A°- -I f) A"- f), 4" 

^ A^p^ui/X^P^Xpp A^p^ui/X^X^p.pp J-'u^p.vX'-'p^Xpp ^ A^iy^pi/X^X^^pp 

= -A"" , „H' I II I II A"" I „, (40) 

9 aa a aa a 77 7 77 7 ' ^ ' 
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// / 



where one should symmetrize the H , „ , n over the a ^-^ o; , 7 ^-> 7 and the exchange 

OlOL Oi '*Y'*V T III <~> 

of two sets of indices aa a <^ 77 7 , so that the second quadratic form in the momentum 
representation is (see also Appendix B for derivation) 

+ (k'^Vaa" - kak^" ) iVa'yVj'^" + Va'^'Vjy" + Va'^"Vjy' ) 
+ (k^Va'y' - ^aA;y)(V7V7" + V7" V7 + ^^"^77") 
+ (k^Va'y" - ^aV)(^«'7^«"7' + V7' V7 + Va'a'V-y^') } 

-g{ + ^7^a'(^a7'V7"+^«7"V'7'+^aa"V7") 

+ ^7 V iVa^'Va'y" + Vay"Va'y' + Vaa'Vy'y") 

+ ^7^7' i'naa'Va"^" + Vaa"Va'j" + Vay"Va'a" ) 

+ ^7 V i^aa'Va"^' + Vaa"Va'j' + Vay'Va'a") } 

+ ^{ + VayiK'k^'Va"^" +K'k^"Va"y' +K"kj'Va'j" 

+ k "k "11 ' I -\- k ik I'll I II -\- k 'k "11 I ") I. (41) 

I "'Q! "^7 '/a 7 ' a a /7 7 ' 7 7 /a a / J V / 

It is again invariant with respect to the transformation SA"^^-^ = d^Q^ because we have 

kaH I " I "(k) = 0, 

" aa a 77 7 \ / ' 

but it is not invariant with respect to the transformation ^A^^;^ = (9^C^;^ + dx(^j^, as one 
can see from the analogous relation (see also Appendix B for derivation) 

^a'^a'a'a"77'7"(^) = g^ ^ ^aa"(^7'^77" + V^77') 

+ ^a7"(^7'V7 + V^77') } 

--{ + k^k^"{k^"r]^y + k^'i]^y') + k^k^'k^"!]^^" - 3r/„^/c„"/cyfcy' } 

+-{ + if„^(A;y v'7" + VV'7' + K"%'^") } ^ 0. (42) 

We have to see now whether the sum 

k„i( H I II / // + c-iH I II I II ) 

a \ aa a 77 7 •J aa a 77 7 ' 

can be made equal to zero by an appropriate choice of the coefficient C3. For that let us 
compare the expressions (39) and (42) for divergences. As one can see, only the last term 
in (42) 

Ha^{k^'Va"^" + VV'7' + ^a"V7") 

and the whole term (39) can cancel each other if we choose C3 = 2, but this will leave the 
rest of the terms in (42) untouched, thus 

ki{H I " I II + c-iH I II I II ) ^ 

a \ aa a 77 7 •J aa a 77 7 ' ' 
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for all values of C3. This situation differs from the case of the rank-2 gauge field A" . In 
the last case we were able to choose the coefficient C2 = I so that the divergences (22) 
and (24) cancel each other and we got (26) 

Therefore the Lagrangian £2^ + €2^ has enhanced invariance with respect to a large 
gauge group of transformations SA^^^^ = 9^^^ + 9a r/^. 

In order to understand the reason why in the case of the rank-3 gauge field it is 
impossible fully cancel divergences we have to analyze the corresponding field equations. 
We shall compare the resulting equation with the equation derived by Schwinger [12] 
for the totally symmetric Abelian rank-3 tensor field in order to get better insight into 
the problem. It has been proved by Schwinger [12] that it is impossible to derive field 
equation for the totally symmetric rank-3 tensor which is invariant with respect to the 
full gauge group of transformations 5A^y\ = d^Q^ + duC,fj.x + dx^^j^u without imposing some 
restriction on the gauge parameters ^^y. As he demonstrated, the gauge parameter should 
be traceless ^^^ = 0. We shall see that similar phenomena take place also in our case, that 
is, the second gauge parameter O;^ should fulfill constraint which we shall derive below 
(see equation (44)). 

What we would like to prove is that the equation has enhanced invariance with respect 
to the gauge group of transformations 

~5Al,x = duQx + dxQ., (43) 

but in our case the gauge parameters Ca should fulfill the following constraint: 

dpQx - dxQ, = 0. (44) 

This takes place when we choose the coefficient C3 = 4/3 . Indeed, let us consider the 
equation of motion. From the first form £3 '^^ we have the following contribution to the 
field equation: 

^.v„'„"WV'^'' ' " = -9^^" ' " - (9„(9.A" , „ + -r]'r."{d'^Kr,r, - dadpA\y), (45) 

and from the second one £3 we have 

H' . „ , nA" , „ = --{d^iA", n+A'', n + A" n , +A"„ , ) - 
aa a 77 7 77 7 o^^a aa a a a a aa a a a' 

-d^d.iN', n + N", n + A"-n , + N" n , ) - 
"- P^ a pa a a p a pa a a p' 

-d.dpiN" n\A"-n -A" n - N" n -N" n -N" n) - 
a p\ paa pa a apa aa p aa p apa ' 

-d<<dp{N' ,+A", -A"- , - A"- , -A« , -A" 0- 

Q! py paa pa a apa aa p aa p apa ' 

'^ a \ a pp pa p ppa ' '^ a ^ a pp pa p ppa ' a a appi 

--{Vaa' [d^U". + A%, + A" „) - <9 "9„A" - dxdpiA" „, + A". „)] + 

o L laa L \ a pp pa p ppa ' a P pA\ '^ p\ pa X pXa 'J 

+Vaa" [d'{Ai,^^ + a;^,^ + a;„,) - d^^dpA;,, - dxdp{A;^,, + a;,^,)] + 

+Va'a" [d'iA;^^ + A;^J - d^dpiAl^, + Al,p) - dxdpiA;^, + AI^^ - 2AI^^)]}. (46) 
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Summing these two pieces together we shall get the following free field equation of motion 
for the rank-3 tensor gauge field: 



a aa > 



(H ''>''' +C3H' , . , „)^" ' " = d^iA" , n - ^A", „ - -A" 

\ aa a 77 7 ■J aa a 77 7 / 77 7 \ aa a A a a a A ' 

-dadJA'' , n - -A", „ - -A^, ,) - -d'dJA'" " + ^" " - ^" ") - 

" P^ pa a A a a p A a pa ' a a P\ apa aa p paa ' 

--d'ldpiN' ,+A'', -A" ,) + -'9a<9 '(A"„ + A" „ + A" „) + 

A OL P\ apa aa p paa ' o "ov a pp pa p ppa ' 

+|^«^«" (^:'pp + Kolp + KpoI) - 'id^'da"Kpp - 
-jVaa'id'Ay^^ - d^,,d,A;,, + 29M;„„ - 2d,d,A;,^.) - 

-jVaa"id'K'pp - da'dpA;,, + 2d' A^^, - 2d,d,A;,^,) - 

+lva'a"id'Al^^ - d^d,A;,, - ^d'A;^^ + 'padpAl,^ - ^d.d.Al,^ + 'jd,d,Al^J = 0. 

We shall prove that this equation is invariant with respect to the gauge transformation 

if we choose the coefficient C3 = 4/3. Performing the above gauge transformation of the 



field one can see that the terms which originate from differential operators (9 , dadp^ d^'d^ 
and d^i'dp in the above equation cancel each other if we choose 



p 



C3 = l ■ (47) 

The rest of the terms have the following form: 

4 , 

iHaa'a"W'r" + '^^aa' a" -yy' ■y")^^'^'r' 'y" = 

+ldad^'dpQ" + Id.d^-dpCpa' - l9^'9a"dpCpa + ld^d^'d^"Cpp 



T^Vaa' (SSpS^O - ^d,"dxdpCxp + 2d,.dXp) 



1 



Q'laa"K^'^p'^ Spa' ^'^a"^X<^p^Xp -T ^^^a"^ "^pp 
1 

3 

and can be rewritten in the form which makes the desired invariance explicit: 



+:^Va'a"idpdXa-dadxdpCxp) (4^ 



4 ' a 1 

(^aa'a"77'7" + 3^aQ'a"77'7" )'^^77'7" = + 3 "^""^a' ('9pCp„" -da"Cpp) 

+ ldad^"idpC;^' - ^a'Cp^p) - ld^'d^"idpCpa - daCpp) 
-\vaa' [^'(^pCpV - ^."Cp^p) + '^da^'dxid^Cpp - OpCpx)] 

-lvaa"[d\d,c;^, - 9„<;,) + 2d,>d,{d,Cp^ - d,Cp,)] 

+lva'a" [d\d,Cp^ - d^Cpp) + d^d,{d^Cpp - dpCpx)\ (49) 
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From that we see that if the gauge parameter satisfies the conditions (44) 

dpQx - dxCl = 

the equation is indeed invariant with respect to a larger group of gauge transformations 
^^"^ux = 9uQx + 9xC^u, because 

4 , 

The final form of the equation is 

(92(A" , „ - -A^ „ - -A"",, ,)-dadJA'' ' " - -^"' " - -^"" ') -(51) 

V aa a o a a a o a aa ' " A'v pa a n a a p o a pa / \ / 

--d'dpiA'" " +A''n - A'' „) - -d''dp{A'' , + A" , - A" ,) + 

n a P\ apOL aa p paa ' o ct ^ \ apa aa p paa ' 

a ^ a \ a pp pa p ppa ' c ^ a \ a pp pa p ppa ' o a a app 

--Vaa'id'^A'"" - da"dpA\. + 2(9^ A" „ - 2(9a(9„A\ „) - 

c laa \ a pp a P pAA ppa -^ P pXa > 

-\vaa"{d'Al,^^ - 9,,9,a;,, + 2d'Al^, - 2dxdpA;,^,) - 
+iv."(5'^Lp - dad A, - Id'A;^^ + IdadpAl,^ - IdxdpA^,^ + IdxdpAl) = 



and it is invariant with respect to the gauge group of transformations 

SA%, = d,Cx, ~SA;^x = d.Cpx + dxC;., dpCpx - dxCpp = 0. (52) 

One should stress that there are no restrictions on the gauge parameters .^" . The above 
invariance of the equation now can be checked directly without referring to the previous 
analysis. In summary, we have the following Lagrangian for the third-rank gauge field 

Aa . 
^pvX- 



_ n' _r^a /~ia _r^a r-ia _, 

q 3 A^ pv^Xp^^ pv^Xp c^ pv^XX^-' pv^pp n 



•^3 ~r q 3 /i^pu,Xp^pu,Xp Q pu,XX^ pu,pp r\ pv,X^ pv,Xpp q pv pv,XXpp ' 



"•" n pu,X^ pX,upp ' r)^ pu,X^ pp^uXp ' n pu,v^ pX,Xpp ~^ n pu^ pX,uXpp' 

We shall present the free equation of motion (51) also in terms of field strength tensors. 
The kinetic term of the above Lagrangian is 

4 , , 1 1 

-'-'3 ~r ^'-z \free — .^ pv,Xp^ pv,Xp q^ pv,XX^ pu,pp 



q O I J ' "-■- /I 



111 

_ pC pC J p« pa J 

r)''' pUjXp pX,Up ' r)''' pUjUX pp,pX ' q" 



_|_ _ pa pa _| fpo. pa , pa pa (^A\ 

' o pv,Xp pX,vp "•" o pv,vX pp,pX "•" o pv,vX pX,pp^ W / 



where 



pa — f) Aa _ f) Aa 

^ pu,Xp ~ ^IJ.^uXp ^i^^pXp- 
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The variation of the above Lagrangian over the field A^^p gives the free equation written 
in terms of field strength tensor F^^,^^ and it is identical to the equation (51) 

1111 

f) -pa o pa _ o pa , _a pa , _a pa , 

'-^fJ.-'^ fiu,Xp o'-'fi''^ ii\,up o^fJ.^ p.p,v\ "T o'-'fJ,''^ uX,fip ' o^pJ^ vp,p\ "T 

1111 

\_Pl pa _|_ _a pa I _a pa , _a rpa _ 

~^ o^^^ vp,pp "T o^P^up,p\ "T oT'^^^ up,pp "T ar'^P^v\,pp 

la la la la 

~V>^'^\'^^P^ pa,ap ' T^^P^ pp,aa) ~ V^pK'^'^p^ pa,(7\ + T^^P^ pX,<ja) ' 

'^VXpi'^^P''^ pu,aa ~ '^'^P^ pa,av + '^'^P^ ua,ap) — JuXp- \^^) 

As we demonstrated, this equation is invariant with respect to the following gauge trans- 
formations: 

where the gauge parameters are totally symmetric tensors satisfying the condition (44). 
The initial invariance of the equation (5A" _,^ = (9^^";^ imposes restriction on the current 
jyXp-i i'^ particular, on its conservation over the first index: 

dujlxp = 0. (56) 

There are also additional constraints on the current which follow from the enhanced 
invariance SA^^^^ = d^C^l^x + 9\C,^^. In Fourier components the constraints on the group 
parameters are 

^Co3 + /tCss + /«(Coo - Cii - C22 - C33) = 0, 

^Coi + /^Cai = 0, 

^Co2 + f^Cm = 0, 
^Coo + i^Cso - ^(Coo - Cii - C22 - C33) = 0, 

where k^ = {u, 0, 0, k), therefore 

Coo = Cll + C22 Co3; (57) 

K 

C31 = C015 

K 

C32 = C02, 

K 

C33 = ~Cll ~ C22 Co3? 

UJ 

and we have six independent gauge parameters 

Coi, C02, Co3, Cll) C22, Cl2- 

From this it follows that the current components fulfill the following six relations: 

kxijixo + joxi + -J1A3 + -j3Ai) = 0, (58) 

K K 

UJ UJ 

kxU 2X0 + J0X2 + -J2A3 + -J3A2) = 0, 
K K 
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kx{-joxo + -J3X3) = 0, 

K, UJ 

kxiJoXO - J3A3 + jlAl) = 0, 
kxiJoXO - J3A3 + J2A2) = 0, 

A;a(Jia2+J2Ai) = 0, 
One can also use a different set of independent parameters, in particular: ^n, ^12, C13, C225 C235 C33- 

6 Schwinger Equation for rank-3 Gauge Field 

The Schwinger equation for symmetric massless rank-3 tensor gauge field has the form 

[12] 

+ 9ad^' K"pp + 9ad^" A^>pp + d^> d^n A^pp - 3dad^' d^n A - 

- Vaa' id^\pa" " ^xOpA^^^'' + -d^"dpApxx) - 

I 

- Vaa"id^App^' - dxdpAp^^> + -d^'dpApxx) - 

- Va'a" {d^App^ - dxdpApXa + -dadpAxxp) = Ja^'a" (59) 
and contains the scalar field A which should satisfy the high-order differential equation 

d^d^A - d^dxAxpp + ^d^dxdpA^xp = 0. (60) 

Taking derivatives of the l.h.s. of the above equation one can get convinced that we have 
conservation of the totally symmetric current j^a'a" 

daj^a'a" = (61) 

and the invariance of the equation with respect to the full gauge transformation 

6Ap^x = d^i^x + d^i^x + dxipv (62) 

without any restrictions on the symmetric gauge parameter ^^x- The great advantage of 
this formulation is that we have conservation of current and full gauge symmetry (62). 
The disadvantage of this formulation is the appearance of the scalar field A and its high- 
order differential equation. The illuminating remark of Schwinger was to make a change 
of field variable of the form [12] 

A , n -, A ' " - 3d'^d„d 'd "A, 

which allows to eliminate the scalar field A from the field equation without changing its 
actual form! The equation will take a unique form [12]: 



aa a '-'a'-'p pa a a P apa a P aa p 

+ dad^' A^n^^ + dad^n A^ ^^ + d^ 3^, Aapp 

^ppa" - U\^P^pXa" ^ 2^a"^P^pXX) 
1 

- Va'a" {d^Appa - dxdpApXa + -dadpAxxp) = J^a'a" > (63) 



- Vaa'id^^ppa" - dxdpAp^^. + -d^"dpAp 

- Vaa"{d^^ppa' " ^xdpA^^^, + -d^'dpApxx) 
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but it is not invariant any more with respect to the unrestricted gauge transformations 
(62). The gauge parameter should be traceless: 

U = 0- (64) 

This leads to the modification of the current conservation law: 

dajac^'a" - ■^Va'a"Jc.pp = 0- (65) 

The conservation law for the current became more sophisticated because of the traceless 
restriction on the gauge parameters (64). One can see that the same phenomenon also 
happens in our case where the restriction on the gauge parameters Cj^a has the form (52) 
and the conservation law takes the form (58). Recent discussion of the Schwinger equation 
can be found in [44, 45]. 

I would like to thank Luis Alvarez- Gaume, Ignatios Antoniadis, loannis Bakas, Lars 
Brink, Ludwig Faddeev, Sergio Ferrara, Peter Minkowski and Raymond Stora for discus- 
sions and CERN Theory Division, where part of this work was completed, for hospitality. 
This work was partially supported by the EEC Grant no. MRTN-CT-2004-005616. 

7 Appendix A 

The invariance of the form £3 can be demonstrated by explicit variation of each term in 
the sum (35). Indeed, the variation of the first term is 

r ^a /^a r\ rabc/^a /^b tc |^ cy rabc/^a /^b (^c i^ rj rabc/^a /^b ^c 

"5'-^/ii^,Ap'-^/iA,j^p — ^yJ ^iiu,Xp^fiX,u<.p "T ^yJ ^ pu,Xp^ pX,p<.u "T ^y/ ^pu,Xp^pX^up^ 

of the second term is 

^i^ p.u,vX'^ pp,pX — '^yJ ^pu,iyX^pp,p<.X "T '^yJ ^pu,uX^pp,X<.p "T '^yJ ^pu,iyX^pp^pX^ 

of the third term is 

pahc/^a /^b cc , „ cabc/^a /^b cc j^ rabc/^a 

J ^pu,iyx^px<.pp "T yJ ^p 

~yj ^ aX,p0^ uv^X'^u "T yj ^ uX.pp^ uiy^, 



r x^a /^a c\ pabc/^a /^b C^ \_ n ^'<^bc^a /^b ^c i^ rabc/^a ^b /-c i^ 

'^(^pu,iyX^pX,pp — '^yJ ^piy,uX^pX,p<.p ~r 91 ^ pu,iyX^ pX<.pp "T 91 ^ pX,pp^ piy,u<.X "r 



of the forth term is 



fabc/^a f^b /-c |^ pabc/^a /^b 

^ pX,pp^ pu,X^i' "T yJ ^pX,pp^ 

rabc/^a r^b /-c , n ^. io-bc/^a r^b /-c , „ pabc/^a /^b 



('^^pu,x^px,upp — yJ ^px,upp^pu<.x "T '^yJ '~^px,up^pu,x^p "i" yJ ^ px,pp'-^ pu,x^u "i" 

I „ pahc/^a /^b r^c i n pabcria rib £^c i ^ pabcria /~ib r^c 
+9 J ^pu,X^pX,v^pp + ^91 ^ pu,X^ pX,p^iyp + 91 ^pu,X^pX^iypp^ 

of the fifth term is 



^i^lv^X^I 



pu,X pp,uXp 

^ fabc/^a rib r^c i ^ pabcrib ria £^c i ^ pabcrib ria £^c i „ pabcrib ria r^c i 

9i '^ pp.vXp^ pv^X + 9 J ^pp,uX^piy,X^p + 91 ^pp,up^pu,X^X + 91 ^pp,Xp'^pu,X^u + 

I pabcria rib /-c i pabcria rib /-c i pabcria rib /-c i rabcria rib tc 
+91 ^ pu,x'-^ pp,u^Xp + 9 J ^pu,X^pp,X^up + 9 J ^ pu,X^ pp,p^uX + 9 J ^ pu,X^ pp^uXpi 

of the sixth term is 

e ria ria 

'^^^piy,u^pX,Xpp — 

pabcria rib ^c i^ r\ pabcrib ria ^c i^ pabcrib ria /-c |^ rabcrib ria /-c |^ 

9 J '-^ pX,Xpp^ pu<,u "T ^y/ ^pX,Xp^pu,u<.p "T 9 J ^pX,pp^pu,iy^X "T 9 J ^ pX,X^ pu,iy<.pp "r 



_\_n„ fabcrib ria ^c _\_ ,, rabcria rib /^c 
~r'^9J ^ pX,p^ pv,v^Xp "T 9 J ^ pv,v^ pX^Xpp 
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and finally of the seventh term is 

^yJ '-^^jy'-^^A.j^ApSp "T yj ^tiu^iiX,iypp<.X "T yJ ^ fiu^ pX,Xpp<.u "T yj ^fiiy^pX,iyX<.pp "r 
9 rahc/^a /^h /^c |^ r) eabc/^a /^b r^c _|_ „ rabc/^a /^b r^c i^ 

^yj '^fi.i/'-^px,i/p'ixp "T ^yj '-^^zy'-^^A,ApSj/p T yj '^ fn/'-^ px,pp'iux "t" 

rabc/^a /^b (^c _i_ ^ rabc/^a /^b ^c i^ r) rabc/^a /^b tc i^ rabc/^a /^b tc 
yj ^pu^pX,u<.Xpp "T yJ ^pu^pX,X<.upp "T ^yj ^pu^pX,p^uXp "r yJ ^ pu^ pX^iyXpp- 



Some of the terms here are equal to zero, like: yf^'^Gl^.^G^^p.^ilp, y f^^Glx^G^^Alp ^'^'^ 

. ^ ^ A Tv^ i~\ ni -in rf \~i r (-\ I I ■n j— vn r? i^-v»j— v 1- i^-v»v-»--i n /^ i-\ ■n / 

/^i^^^/iA'si/App' 



y f'^^'^G't^G^^^l^ . Amazingly, all nonzero terms cancel each other. 



8 Appendix B 



1 



The quadratic form H in , „ can be extracted from (40) and should be symmetrized 

■^ oia a 77 7 ^ ' •' 

over the a <^ a , 7 4-i> 7 and over the exchange of two sets of indices aa a ^-i> 77 7 
so that in the momentum representation it has the form 

H I II I II (k) = — I + r? 'in I' n ' I' -\- n 'I in n -\- ri n uri 

aa a "j"j -y y ' o L ' laa \ la 7 '7 7 la 7 '77 ' la 7 '77 / 

"*" laa \ la 7/7 7 /a 7 '77 /a 7 '77 / 

"*" /a7 \ la f la 7 "*" /a 7 /a 7 "*" /a a '77 / 

+ r? "(n I n II 1 -\- n I '11 II -\-n i "n i) \ 

' la'y \ la y la y ' 'a 7 'a 7 ' laa '77 / J 

--{ + /i^a/c^'lV^Vl" + V'7'^77" + V'7"^77') 

+ k^k^n iVa'-yV^'-y" + Va'-y'Vyy" + Va'-y"%y' ) 

+ kak^'{Va'^Va"j" + Va'^"Va"j + Va'a"V^y") 

+ k^k^ii{r]^i^r]^ii^i + Vy V7 + Va'a"%y') 

+ k^k^i ( W'7" + V Vy + Vaa"%'-y") 

+ ^7^a" (^a7'^a'7" + Vay"Va'j' + Vaa'Vj'^" ) 

+ k^k 'in '11 II " + n uri ' n + n uri ' ") 

I '"^'"^ K'laa la J ' laa la ^ ' lay la a I 

+ ^7 V (^aa' W + Vaa"Va'y' + V Va") } 
1 

4 

+ V Vvy + k^'K"Vy''y" + k^'k^"Va'a") }• (66) 



H — i + Tin-vik 'k '11 II II -\- k 'k "11 II I + k "k iii i " 

' /I L ' lot^yK'^a 7 la 7 ' a 7 la 7 ' a 7 la 7 



or combining some of the terms together we shall get an equivalent form 

Haa'a"Wl" ^^^ " 8^ ^ ^^^^""' " ^"^"' ^ (^""tVV + V'7'^77" + ^a"y"%y') 

+ (k^Vaa" - kak^" ) {Va'^V^'y" + Va'y'V-y^" + Va'y"V'y^' ) 

+ (k^Vay' - kak^'){Va'yVa"y' + Va'y"Va"y + Va'a"%^") 

+ {k'^Vay" - kak^"){Va'^Va"y' + V7' V7 + Va"^77') } 

-g{ + ^7^a'(^a7'V'7"+ VV'7'+^aa"V7") 
+ k^k^ii iVay'Va'y" + Vay"Va'y' + Vaa'Vy'y") 
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+ k^k^' {Vaa'Va"^" + Vaa"Va''r" + Vay"Va'a" ) 

+ ^7 V (Vaa'Va"^' + Vaa"Va'j' + Vay'Va'a") } 
1 



/ // 



+ V Vvy + ka'k^"V-y'^" + ^y VVa") }• (67) 

This expression can be used to calculate divergences. Indeed, 

^a'^a'a'a"77'7"(^) = g^ + (^^^"a" " ^"V)(M7'7" + ^7'^77" + V^77') 

+ ik^Va^' - kaky){k^i]^"y' + k^"r]^"^ + k^"r]^^") 
+ (k'^VaV ~ kak^n){k^r]^"^' + k^,r]^n^ + /c^^r^^y) } 

+ ^7^a" (2^7" V + 2^7' V + ^a^^'^" ) 

+ k^k^'{kar]a"'r" + '^k^"Vaa") + k^K/'k^r]^"^' } 

1 

'4 

or using the operator /Jq,^ = k'^rja-^ — k^k^ one can get 



+ -{ + Vayik'^ky 77^" y + /c^ A;y ' r]^/' ^' + k^ k^" r]^' ^" + 3 A;^" fcy fcy / } 



k'H / II I ii(k) = -| + H^ii (k^riiii + kiri^ii + kiin^i) 

ct aa a 77 7V/ o L ' aa \ 7 '7 7 7 '77 7 '77 / 

+ H^^i {L^ri^'-yi + kyiri^ii^ + k^nri^^n) 
+ H^^ii {k^r]^"y + k^'T]^"^ + k^"r]^^') } 

— I + H II k^ri 1 II -\- H I k^n « n + H n k^ri n i 

Q I ' aa "1 I'y 7 ' Q7 1 la 7 ' a'y 1 la 7 

+ k^k^ii {2k^ii7]^^i + 2k^'r]^^ii + 2kar]-y'-y") 
+ A;^A;y (2A;a V7" + '^^-y"Vaa") + '2k^k^" kaVa" 'y' } 
+ j{ + ^«7(^^^7'V7" + ^^VV'7' + ^^^''^'j" + ^k^"k^'k^" } 
and canceling the identical terms we shall get 

^a'^a'a'a"77'7"(^) = g{ + H ^^„ {k^Hq^^n + k^^T]^^') 

+ H^^'{k^"r]^i'^ + k^"r]^^i') 

+ ^a7"(VV7 + ^^77') } 

-4! + ^7V( W' + ^7'^"7") + ^7^' V^«"" } 
1 

+-{ + H^^Kir]^ii^ii + H^^Kii7]^ii^i + H^^k^ii7]^i^n 

+ ^Vayk^i'k^ik^ii }. 

Again collecting terms we shall get the final expression: 

^a'^Ja'a"77'7"(^) = g^ + Haa"iK'%l" + V^77') 
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+ H i{k "11 II + k 111! ii) 

' a-y V 7 la 7 ' a 177 / 

+ ^a7"(^'V'7 + V^77') } (68) 

--{ + k^k^i'{k^"i]^^i + k^'i]^^") + k^k^'k^iii]^^" - 3i]ayk^"k^'k^" } 

+-{ + H^y{k^'Va"y" + VV'V + K"%'y") }> 
which has been used in the main text. 
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